We present the analytical formulation and the finite element solution of a fractional-order nonlocal continuum model of a Euler-Bernoulli beam. Employing consistent definitions for the fractional-order kinematic relations, the governing equations and the associated boundary conditions are derived based on variational principles. Remarkably, the fractional-order nonlocal model gives rise to a self-adjoint and positive-definite system accepting a unique solution. Further, owing to the difficulty in obtaining analytical solutions to this boundary value problem, a finite element model for the fractional-order governing equations is presented. Following a thorough validation with benchmark problems, the fractional finite element model (f-FEM) is used to study the nonlocal response of a Euler-Bernoulli beam subjected to various loading and boundary conditions. The fractional-order positive definite system will be used here to address some paradoxical results obtained for nonlocal beams through classical integral approaches to nonlocal elasticity. Although presented in the context of a 1D Euler-Bernoulli beam, the f-FEM formulation is very general and could be extended to the solution of any general fractional-order boundary value problem.
I. INTRODUCTION
Recent theoretical and experimental studies have shown that scale-dependent effects are prominent in the response of several structures ranging from layered and porous media [16, 35, 37] , to random and fractal media [7, 33, 79] , to media with damage and cracks [15, 74] , to biomedical materials like tissues and bones [79, 85] . Size-dependent effects are particularly prominent in microstructures and nanostructures that have far-reaching applications in atomic devices, micro/nano-electromechanical devices and sensors [24, 62, 78] . These devices are primarily made from a combination of beams or other slender structures like plates and shells. Accurate modeling of the response of these structures is paramount in many engineering as well as biomedical applications.
The coexistence of different spatial scales in the above mentioned classes of structural problems renders the response fully nonlocal [31, 32, 47] . The inability of the classical continuum theory of capturing scale effects prevents its use in these types of applications and fostered the interest in the development of nonlocal continuum theories. Nonlocal continuum theories enrich the classical (local) governing equations describing the response at a point with information of the behaviour of points contained in a prescribed area of influence. The key principle behind these nonlocal continuum theories is that, all the particles located inside this area, also known as the horizon of influence or horizon of nonlocality, influence one another by means of long range cohesive forces [31, 32, 47] . Seminal works from Kroner [47] , Eringen [32] , and several other authors [51, 55, 56] have explored the role of nonlocality in elasticity and laid its theoretical foundation. Further, several theories based on integral methods, gradient methods and very recently, the peridynamic approach have been developed to capture these long range energy exchanges and analyze their effect on the response of structures. Gradient elasticity theories [5, 36, 58] account for the nonlocal behavior by introducing strain gradient dependent terms in the stress-strain constitutive law. These strain gradient theories have been extensively used in the study of different structures [38, [66] [67] [68] [69] 71] . Integral methods [11, 61, 70] model nonlocal effects by defining the constitutive law in the form of a convolution integral between the strain and the spatially dependent elastic properties over the horizon of nonlocality. Recently, Silling [72, 73] proposed the peridynamic approach as an alternative theory that is better suited to model structures involving a dynamic evolution of discontinuities.
In recent years, fractional calculus has emerged as a powerful mathematical tool to model a variety of nonlocal and multiscale phenomena. Fractional derivatives, which are a differ-integral class of operators, are intrinsically multiscale and provide a natural way to account for nonlocal effects. In fact, the order of the fractional derivative dictates the shape of the influence function (kernel of the fractional derivative) while its interval defines the horizon of its influence, i.e., the distance beyond which information is no longer accounted for in the derivative. As a result, time-fractional operators enable memory effects (i.e. the response of a system is a function of its past history) while space-fractional operators can account for nonlocal and scale effects. These characteristics of fractional operators have led to a surge of interest in fractional operators and in their applications to the simulation of several physical problems. Areas that have seen the largest number of applications include the formulation of constitutive equations for viscoelastic materials [9, 23, 45] , model-order reduction of lumped parameter systems [39] , and modeling of transport processes in complex media [12, 18, 40, 53, 57] .
Given the multiscale nature of fractional operators, fractional calculus has also found wide-spread application in nonlocal elasticity. Riesz-type fractional derivatives have been shown to emerge as the continuum limit of discrete systems (e.g. such as chains and lattices) with power-law long-range interactions [81] [82] [83] . Space-fractional derivatives have been used to formulate nonlocal constitutive laws [19, 20, 30, 57, [75] [76] [77] as well as to account for microscopic interaction forces [26, 27, 29, 48] . Space-fractional derivatives have been employed to capture attenuation including a variety of conditions such as interatomic nonlocal forces [26] , nonlocal stress-strain constitutive relations [8] , and even bandgaps in periodic media [40] . Very recently fractional-order nonlocal theories have been extended to model and analyze the static response, buckling characteristics, as well as the dynamic response of nonlocal beams [6, 62, 78] .
In this study, we build upon the fractional-order nonlocal continuum model proposed in [57] to develop a fractionalorder constitutive relation for the Euler-Bernoulli beam. The fractional-order nonlocal continuum model proposed in [57] is shown to be frame-invariant, dimensionally consistent, and well suited to model asymmetric horizons. Further, the model proposed in [57] admits, unlike other fractional-order nonlocal theories, integer-order boundary conditions that accept a clear physical interpretation. The overall goal of this study is two-fold. First, we derive the governing equations for the nonlocal beam in a strong form using variational principles. More specifically, the governing equations are derived by minimization of the total potential energy of the beam. This approach is different from that proposed in [6, 62, 78] , where the equations of motion describing the nonlocal beam had been derived from different fractional-order nonlocal constitutive relationships. Additionally, we show that the fractional-order modeling of the nonlocal beam results in a self-adjoint system with a quadratic potential energy, irrespective of the boundary conditions. This result is in sharp contrast with the integral nonlocal methods available in the literature for which it is not possible to define a self-adjoint quadratic potential energy [21, 22, 64] . Second, we formulate a fully consistent and highly accurate fractional-order finite element method (f-FEM) to numerically investigate the response of the fractional-order nonlocal beam. Although several FE formulations for fractional-order equations have been proposed in the literature, they are based on Galerkin or Petrov-Galerkin methods that are capable of solving hyperbolic and parabolic differential equations involving several transport processes [4, 17, 28, 41-43, 49, 50, 52, 84, 86-89] . We develop a Ritz FEM that is capable of obtaining the numerical solution of the fractional-order elliptic boundary value problem (BVP) that describes the static response of the fractional-order nonlocal beam. Although Ritz FEMs for classical nonlocal elasticity problems have been developed, they do not extend to fractional-order nonlocal modeling, because the attenuation function capturing the nonlocal interactions in the fractional-order model involves a singularity within the kernel [60] . In this study, we have outlined a strategy to treat this singularity in the fractional derivatives. Further, by using the f-FEM we show that, independently from the boundary conditions, the fractional-order theory predicts a softening behaviour for the fractional-order beam as the nonlocality degree increases. With these results, we explain the paradoxical predictions of hardening and absence of nonlocal effects for certain combinations of boundary conditions, as predicted by classical integral approaches to nonlocal elasticity [21, 22, 44] .
The remainder of the paper is structured as follows: first, we present the fractional-order model of a nonlocal Euler-Bernoulli beam. Next, we derive the governing equations of the beam in strong form using variational principles. Further we derive a strategy for obtaining the numerical solution to the beam governing equation using fractionalorder FEM. Finally we validate the fractional-order FEM, establish its convergence, and then use it to analyze the effect of the fractional-order nonlocality on the static response of the beam under different types of loading conditions.
II. NONLOCAL EULER-BERNOULLI BEAM MODEL
Previous works conducted on the development of nonlocal continuum theories based on fractional calculus have highlighted its ability to combine the strengths of both gradient and integral based methods while at the same time addressing a few important shortcomings of these integer order formulations [57] . Gradient elasticity theories provide a satisfactory description of the material micro structure, but they introduce serious difficulties when enforcing the boundary conditions associated with the strain gradient-dependent terms [5, 58] . On the other side, the integral methods are better suited to deal with boundary conditions but require the attenuation functions to have a positive Fourier transform everywhere in order to avoid instabilities [10, 11] . To this regard, note that the kernel used in fractional derivatives is positive everywhere [60] . Thus, by formulating the constitutive relations using spacefractional derivatives, the resulting nonlocal theory effectively combines features characteristic of both gradient-based and integral-based methods. Unlike gradient elasticity methods, additional boundary conditions are not required when using Caputo fractional derivatives [40, 57] . The nonlocal beam theory presented in this work builds on the fractional-order nonlocal continuum formulation presented in [57] where nonlocality is built using a fractional-order deformation gradient tensor. We briefly review the fractional-order nonlocal continuum model presented in [57] in the following §II A and then use the framework to develop the fractional-order nonlocal beam theory.
A. Nonlocal Continuum Formulation
We perform the deformation analysis of a nonlocal solid by introducing two stationary configurations, namely, the reference (undeformed) and the current (deformed), in analogy with the traditional continuum approach to mechanics. A motion of the body from the reference configuration (denoted as X) to the current configuration (denoted as x) is considered:
such that Ψ(X) is a continuous and invertible mapping operation. The relative position of two point particles located at P and Q in the reference configuration of the nonlocal medium is denoted by dX (see Fig. (1) ). After deformation due to the motion Ψ(X), the particles move to new positions p and q, such that the relative position vector between them is dx. Thus dX and dx are the material and spatial differential line elements in the nonlocal medium (conceptually analogous to the classical differential line elements dX and dx). The nonlocal model can account for a partial (i.e. asymmetric) horizon condition that occurs at points X close to a boundary or interface. The schematic is adapted from [57] .
In the classical continuum formulation, the differential line elements in the reference and current configurations, dX and dx respectively, are related using the deformation gradient tensor as:
where D 1 X (·) denotes the first integer-order spatial derivative with respect to the reference coordinates. In [57] , the differential line elements of the nonlocal medium are modeled by imposing a fractional-order transformation on the classical differential line elements as follows:
where D α is a space-fractional derivative whose details will be presented below. Given the differ-integral nature of the space-fractional derivative, the differential line elements dX and dx are nonlocal in nature. Using the definitions for dX and dx, the fractional deformation gradient tensor α F with respect to the nonlocal coordinates is obtained in [57] as:
The space-fractional derivative D α X Ψ(X, t) is taken according to a Riesz-Caputo (RC) definition with order α ∈ (0, 1) defined on the interval X ∈ (X A , X B ) ⊆ R 3 and is given by:
where, C X A D α X Ψ and C X D α X B Ψ are the left-and right-handed Caputo derivatives of Ψ respectively, and Γ(·) is the Gamma function. In the indicial expression in Eq. (5b), L Aj and L Bj are length scales along the j th direction in the reference configuration. The index j in Eq. (5b) is not a repeated index because the length scales are scalar multipliers. In the current configuration, these length scales are denoted as l Aj and l Bj . The interval of the fractional derivative (X A , X B ) defines the horizon of nonlocality (also called attenuation range in classical nonlocal elasticity) which is schematically shown in Fig. (1) for a generic point X ∈ R 2 . The length scale parameters L α−1 Aj and L α−1 Bj ensure the dimensional consistency of the deformation gradient tensor, and along with the term 1 2 Γ(2 − α) ensure the frame invariance of the constitutive relations [57] . As discussed in [57] , the deformation gradient tensor introduced through Eq. (4) enables an efficient and accurate treatment of the frame invariance in presence of asymmetric horizons, material boundaries, and interfaces ( Fig. (1) ).
In analogy with the classical strain measures, the nonlocal strain can be defined using the nonlocal fractional-order differential line elements as dxdx − dXdX. The fractional deformation gradient tensor has been used to derive the infinitesimal fractional-order nonlocal strain tensor as:
where U(X) = x(X)−X and u(x) = x−X(x) are the displacement fields in the Lagrangian and Eulerian coordinates, respectively. In Eq. (6), ∇ α U X is the fractional gradient given as ∇ α U Xij = D α Xj U i . Further, stress in the nonlocal isotropic medium is given analogous to the local isotropic case as:
where λ and µ are Lamé constants. As expected, classical continuum mechanics relations are recovered when the order of the fractional derivative is α = 1.
B. Constitutive Relations of a Nonlocal Euler-Bernoulli Beam
We use the fractional-order continuum formulation presented above to develop a fractional-order analogue of the constitutive model of a Euler-Bernoulli beam theory for nonlocal slender beams. A schematic of the beam along with the chosen Cartesian reference frame is illustrated in Fig. (2). As indicated in the figure, the Cartesian coordinates are chosen such that x 1 = 0 and x 1 = L are the longitudinal ends of the beam, and x 3 = ±h/2 are the top and bottom surfaces of the beam with x 3 = 0 being the mid-plane of the beam.
For the chosen coordinate system, the axial and transverse components of the displacement field, denoted by u 1 (x 1 , x 3 ) and u 3 (x 1 , x 3 ) at any spatial location x(x 1 , x 3 ), are related to the mid-plane displacements according to the Euler-Bernoulli assumptions:
where u 0 (x 1 ) and w 0 (x 1 ) are the axial and transverse displacements of a point x(x 1 , 0) on the mid-plane. For the above displacement field, the axial strain (˜ 11 ) is evaluated using Eq. (6) as:
Using the definition of the RC fractional derivative given in Eq. (5), the fractional derivatives of the axial displacement and the rotation at the mid-plane used in the above Eq. (9) are obtained as:
where x A (x A1 , 0) and x B (x B1 , 0) are the terminals of the left-and right-handed Caputo derivatives in Eq. (10), which coincide with the terminals of the horizon of nonlocality of x(x 1 , 0) alongx 1 . l A = x 1 − x A1 and l B = x B1 − x 1 are the length scales to the left and right of the point x(x 1 , 0), respectively, along the directionx 1 . For the Euler-Bernoulli displacement field given in Eq. (8), using the definition for the nonlocal strain in Eq. (6), a non-zero transverse shear strain would be obtained. However, for the slender beam the rigidity to transverse shear forces is much higher when compared to the bending rigidity. Hence the contribution of the transverse shear deformation towards the deformation energy of the solid can be neglected. Using the relations between the Lamé constants and the elastic modulus of an isotropic solid, the axial stressσ 11 is obtained in terms of the fractional-order axial normal strain using Eq. (7) as:σ
where E is the elastic modulus of the solid. Employing the above constitutive relations, the deformation energy U of the nonlocal elastic beam of volume Ω is obtained as:
Using the above constitutive model for the fractional-order nonlocal elastic beam, we derive the governing differential equations in their strong form and the associated boundary conditions by imposing optimality conditions on the total nonlocal potential energy functional given as:
where the additional integrals in the above expression correspond to the work done by the axial force F a (x 1 ) and the transverse force F t (x 1 ), which are applied externally on the plane perpendicular to mid-plane of the beam at x(x 1 , 0). In the above system, we have also assumed that there are no body forces applied.
C. Governing equations
The quasi-static nonlocal elastic response of the beam modeled by the fractional-order continuum model described above is obtained by solving the following system of equations:
and subject to the boundary conditions:
where N (x 1 ) and M (x 1 ) are the axial and bending stress resultants, respectively, given as:
is a Riesz-type Riemann-Liouville (RL) derivative of order α defined analogous to the RC derivative in Eq. (5) as:
where RL x1−l B D α x1 and RL x1 D α x1+l A are the left-and right-Riemann Liouville fractional derivatives of order α. Note that the governing equations for the axial and transverse displacements are uncoupled, similar to what is seen in the classical (local) Euler-Bernoulli beam formulation. Further, as expected, the classical Euler-Bernoulli beam governing equations and boundary conditions are recovered for α = 1. Note that the solution of the above equations yield mid-plane axial and transverse displacements u 0 (x 1 ) and w 0 (x 1 ). The entire displacement field of the beam can then be obtained using Eq. (8) . We emphasize that since the mapping, x = Ψ(X), in Eq. (1) is continuous and invertible, the displacement field u(x) also belongs to a class ψ of all kinematically admissible displacement fields such that every u(x) ∈ ψ is continuous and satisfies the boundary conditions in the Eqs. (14c,14d). With this condition on the admissible displacement fields we prove the following:
Theorem #1. The set of linear operators describing the governing differential equations (14a-14g) of the beam are self-adjoint.
Proof. First, we present the proof for the self-adjointness of the operator of the governing equation representing axial motion. Using the expression for the stress resultant in Eq. (14f), the governing equation in the axial direction (Eq. (14a)) is recast into the following:
The boundary conditions for the definition of RC derivative given in Eq. (5) consist of integer-order derivatives as shown in [57] . The operator pertaining to the above fractional-order differential equation is chosen as:
Note that the fractional operatorL(·) is linear in nature [60] . We consider the inner-product L (u 0 ), v 0 such that u 0 and v 0 satisfy the boundary conditions given in Eq. (16b):
Using the definition of the Riesz-type Riemann-Liouville fractional derivative given in Eq. (15) the above integration is expressed as:
We further evaluate the above integrals using integration by parts to obtain the following:
We again highlight that the boundary conditions obtained during the simplification of Eq. (19) to Eq. (20) are integerorder due to the definition of the RC derivative as has been shown in [57] . We exchange the order of integration in the above integrals and further, use the boundary conditions in Eq. (16b) to obtain the following expression:
Using the definition of the RC derivative given in Eq. (5), the above integral is simplified as:
By exploiting the symmetry in the above expression, we can write the following:
By comparing the Eq. (22) and Eq. (23), it is clear that the operatorL(·) is self-adjoint. By following the steps through Eqs. (16) (17) (18) (19) (20) (21) (22) (23) , it can be similarly shown that the operator describing the transverse governing equation of the beam is also self-adjoint in nature. For the sake of brevity, we skip the proof here. This establishes the claim in Theorem #1. It immediately follows from the Theorem #1 that the system is positive definite. This can be easily verified by considering L (u 0 ), u 0 in the Eq. (22) , which results in a quadratic form within the integral. We emphasize that the self-adjointness and positive definiteness of the system hold independently of boundary conditions. This is particularly exciting, because it is established in the literature that it is not possible to define a self-adjoint quadratic potential energy for the classical integral approach to nonlocal elasticity [22, 64] . Thus, the fractional-order modeling of nonlocality presents us with a way to model nonlocality while ensuring a self-adjoint positive definite system. We will show in §IV that this characteristic further ensures a consistent softening behaviour of the beam with the increasing level of nonlocality, regardless of the boundary conditions. This is unlike the paradoxical predictions of hardening or absence of nonlocal effects, for certain combinations of boundary conditions, in the nonlocal integral theories for beams presented in [21, 22, 44] . Proof. The proof of the uniqueness of the solution to Eqs. (14a-14g) is obtained through the method of contradiction, similar to classical continuum analysis. For this, we assume that there exists two different set of solutions to the Eqs. (14a-14g) given by u (1) ,˜ (1) ,σ (1) and u (2) ,˜ (2) ,σ (2) . We now consider the difference in the displacement and strain fields. The strain field, ∆˜ =˜ (1) −˜ (2) , is also compatible with zero natural boundary conditions. Similarly, the stress field, ∆σ =σ (1) −σ (2) caused by ∆˜ is in equilibrium with zero axial and transverse forces. Clearly, the difference fields {∆˜ , ∆σ} satisfy the homogeneous part of the governing equations and boundary conditions (14a,14b). Hence, the principle of virtual work dictates that:
Using the constitutive relation in Eq. (7), the integral in Eq. (24) simplifies to:
Given the positive definite nature of the above integral, the equality will hold if ∆˜ = 0 ∀ x ∈ Ω. Hencẽ (1) =˜ (2) ∀ x ∈ Ω, and consequently from Eq. (7),σ (1) =σ (2) ∀ x ∈ Ω. Further, we highlight here that given the fractional (nonlocal) nature of the strain it might seem that different displacement fields could produce the same strain at a point. However, note that the attenuation function used within the kernel of the fractional derivative is monotonic in nature. Hence, for a given set of fractional parameters {α, l A , l B }, the monotonicity of the kernel dictates that the displacement field is unique. This establishes the uniqueness of the solution set {u,˜ ,σ}. We emphasize that although we consider only the 2D isotropic beam problem, the argument in Theorem #2 is applicable to any generalized elasticity problem.
Theorem #3. The displacement field u(x) ∈ ψ which solves the Eqs. (14a-14g) minimizes the total potential energy functional given in Eq. (13) in the class ψ, and conversely, the displacement field minimizing the functional in Eq. (13) solves the nonlocal beam governing Eqs. (14a-14g).
Proof of the first claim. Let u † ∈ ψ be the unique solution to the system of equations (14a-14g). Note that we have implicitly assumed that the solution to Eqs. (14a-14g) exists. Following the standard process of variational calculus we assume u = u † + δu is another kinematically admissible field such that δu ∈ ψ † . The class ψ † is similar to the class ψ except for the boundary points x(x 1 , x 3 ) ∀ x 1 ∈ {0, L}, where the displacement degrees of freedom {u 0 , w 0 , dw 0 /dx 1 } = 0 in context of Eqs. (14a-14g). We highlight here that all quantities † correspond to the displacement field u † . Under the above conditions Eq. (13) yields:
where δΠ and δ 2 Π are the first and second variations of Π from u † . Using the Eqs. (11, 12) , the first variation δΠ is obtained as:
Further, using the Eqs. (8-10) we simplify δΠ to be: (28) Before proceeding to further simplify the first variation δΠ, we highlight here that the use of variational calculus for the derivation of Euler-Lagrange equations and the transversality conditions has been carried out in [1] [2] [3] for fixed terminals of the fractional derivatives. However, in this study, as described in §II A, the terminals of the fractional derivatives (equal to the horizon of nonlocality) are position dependent at points close to material boundaries leading to a truncation of the length scales and asymmetry of the horizon of nonlocality. This possible asymmetry in the terminals of the left-and right-handed derivatives in the RC derivative is taken care while simplifying δΠ in Eq. (28) .
Using the definition of RC derivative given in Eq. (5) and standard rules of integration, the first and second integrals in the right-hand side of Eq. (28) are simplified to be:
The detailed steps leading to the simplifications in Eq. (29) are outlined in the Appendix. Using Eqs. (14, 28, 29) it can be shown that δΠ = 0. Additionally, the second variation δ 2 Π is given as:
For any nontrivial δu ∈ ψ † we have from the above equation δ 2 Π > 0. This leads us to the inequality:
Note that the equality holds iff u = u † ∀ x ∈ Ω. Clearly as claimed in Theorem #3, the displacement field u † which solves the system of equations (14) minimizes the functional Π in the class ψ.
Proof of the second claim. Let u † be the unique solution to the minimization problem: min Π[u] such that u ∈ ψ. The minimization implies that for any variation δu ∈ ψ † , δΠ evaluated at u † must be identically zero. The δΠ is evaluated through Eqs. (28, 29) where u † , in the context of this proof, minimizes the functional Π. Clearly, the stress field corresponding to the displacement field u † uniquely satisfies the equilibrium Eqs. (14) , and thus the set {u † ,˜ † ,σ † } solves the fractional-order Euler-Bernoulli beam equations.
III. FRACTIONAL FINITE ELEMENT METHOD (F-FEM)
The fractional-order nonlocal boundary value problem described by the Eqs. (14a-14e) are numerically solved via a nonlocal finite element method. As discussed in §I, the FE formulation developed for the fractional-order boundary value problem builds upon the FE methods developed in the literature for integral models of nonlocal elasticity [54, 59] . However, several modifications are necessary owing to the choice and the behaviour of the attenuation functions used in the definition of the fractional-order derivatives, as well as the nonlocal continuum model adopted in this study.
A. f-FEM formulation
The f-FEM is formulated starting from a discretized form of the total potential energy functional Π[u(x)] given in Eq. (13) . Adopting the standard formalism of FEM, the domain Ω = [0, L] (in case of the slender beam, the length along x 1 direction) is divided into N e finite elements denoted as Ω e with e = {1, .., N e } such that ∪ Ne e=1 Ω e = Ω and Ω j ∩ Ω k = ∅ ∀ j = k. The unknown variables corresponding to the fractional Euler-Bernoulli theory are given as:
The above vector at any point x 1 within Ω e is evaluated by an interpolation using the corresponding values at nodes of the element Ω e . From the definitions of the strains given in Eq. (9), it may be noted that the interpolation of axial displacement may be carried out using a linear Lagrange approximation, while the transverse displacement field would require the cubic Hermite approximation functions. Therefore, the primary variables at x 1 may be expressed as:
where {X g } is a vector of the global nodal variables, also referred to as the generalized displacement coordinates, and [N (x 1 )] is a matrix with appropriate shape functions. We have used the hat symbol on the shape function matrix in order to distinguish it from the axial stress resultant N (x 1 ). From the definition given in Eq. (6), the axial strain in the beam is expressed as:
where I 11 (s 1 , x 3 ) is the classical strain (first integer-order derivative of the displacement u 1 ) and s 1 is a dummy variable in the directionx 1 used within the definition of the fractional-order derivative. The above expression is recast into the following:
Note that A L (x 1 , s 1 , l A , α) and A R (x 1 , s 1 , l B , α) are functions of the relative distance between the points x 1 and s 1 , and can be interpreted as similar to the attenuation functions used in integral models of nonlocal elasticity. Clearly, the attenuation decays as a power-law in the distance with an exponent equal to the order α of the fractional derivative.
Given the nonlocal nature, the expression of the strain in Eq. (34) involves a convolution such that all the points within the horizon of nonlocality (x 1 − l A , x 1 + l B ) contribute to the strain at the point x 1 ∈ Ω e . While obtaining the FE approximation, the nonlocal contributions from the different finite elementsΩ e in the horizon (x 1 − l A , x 1 + l B ) have to be correctly attributed to the corresponding nodes of those elements (Ω e ) through appropriate connectivity matrices. In order to correctly attribute these nonlocal contribution, it is essential that we express the nonlocal strain in Eq. (34) as an approximation in terms of the global nodal variables {X g }. The process to account for these nonlocal contributions to the elementsΩ e in the horizon of the element Ω e is discussed in detail in the following.
The expression for the integer-order strain I 11 (x 1 , x 3 ) used in the convolution in Eq. (34) is evaluated for the displacement field given in Eq. (8) and expressed in terms of the corresponding nodal variables as:
where {Z(x 3 )} = {1 −x 3 }. {X l (s 1 )} is a column vector consisting of the generalized displacements of the nodes of the element enclosing the point s 1 . The subscript l denotes that X l (s 1 ) is a vector containing the local nodal variables of a particular element. We highlight that, in this work, we have used a two-noded element. For the two-noded element {X l (s 1 )} is given as:
where the superscripts (·) (1) and (·) (2) indicate the local node numbers for the element containing the point s 1 . As evident from Eq. (37), there are three degrees of freedom per node. [B(s 1 )] is given as: 
where L e 1 and L e 2 are the linear Lagrange shape functions, and H e k with k ∈ {1, 2, 3, 4} are the cubic Hermite shape functions for the two nodes of the element enclosing the point s 1 .
Using the expression for I 11 derived in Eq. (36) the nonlocal strain˜ 11 in Eq. (35) is obtained as:
Note that the convolution in Eq. (39) requires the contribution of the generalized nodal displacements X l (s 1 ) across the horizon of nonlocality such that s 1 ∈ (x 1 − l A , x 1 + l B ). X l (s 1 ) is further linked to the global nodal variables {X g } through a connectivity matrix [C] in the following manner:
The connectivity matrix [C(x 1 , s 1 )] is crafted such that it activates only the contribution of those nodes that lie within the horizon of nonlocality at the point x 1 , i.e. for all the nodes enclosing s 1 such that s 1 ∈ (x 1 − l A , x 1 + l B ). More specifically, for a given point
and {X l (s 1 )} = 0 otherwise. Using the connectivity matrix, Eq. (39) is simplified to:
The above expression for the nonlocal strain is used along with the constitutive relations in Eq. (11) to obtain the total deformation energy defined in Eq. (12) as:
where the nonlocal stiffness matrix [K] is given as:
Note that the use of the connectivity matrix in Eq. (40) results in the fact that the global stiffness matrixK is obtained directly in the global form, hence not requiring a separate assembly process for the element stiffness matrices. As discussed in [59] , owing to the existence of cross-stiffness matrices, the assembly of the element stiffness matrices in a nonlocal FEM requires care and it is not as immediate as the case of a local FEM. Although it might appear that this assembly strategy would require the use of larger (global) matrices, we emphasize that simple principles of connectivity are used to avoid the multiplication of large sparse matrices in Eq. (41), similar to what is done in local FEM. We have provided the specific details of the assembly process in §III B where the numerical integration procedure is presented in detail.
The work done by the external axial and transverse forces (see Fig. (2) ) on the beam is expressed in the following manner:
where
The final algebraic equations describing the FE model of the Euler-Bernoulli beam are now obtained by minimizing the total potential energy of the system Π = U − V as:
The solution of the above algebraic equations gives the nodal generalized displacement coordinates.
B. Numerical integration and nonlocal matrices
In this section, we provide details regarding the numerical scheme employed for the integration of the stiffness matrix and of the force vector. As already discussed the evaluation of the nonlocal stiffness matrix involves a convolution of the classical strain ( I 11 ) with the attenuation function (A(x 1 , s 1 , l A , l B , α)) due to the fractional-order description of the kinematics (see Eq. (4)). Clearly, when compared to the local FEM, an additional integration procedure has to be carried out to account for the nonlocal behavior. The nonlocal interactions across a characteristic length (here, the horizon of nonlocality) have already been accounted for numerically in [59, 61] . However, differently from these studies, the attenuation function A(x 1 , s 1 , l A , l B , α) in the fractional-order model involves a singularity at the point x 1 (more specifically, for x 1 = s 1 ) due to the nature of the kernel (see Eq. (35)). Although several studies have developed Galerkin FEM for fractional-order BVPs, the governing equations used in these studies do not satisfy the key physical constraints including dimensional consistency and frame-invariance of the nonlocal continuum model. As highlighted earlier, the governing equations used in this study are derived from a frame-invariant continuum model that is better suited to model nonlocal solids with finite and asymmetric horizons.
In order to perform the numerical integration of the nonlocal stiffness matrix, we adopt an isoparametric formulation (see [63, 90] ) and introduce a natural coordinate system ξ 1 . The Jacobian of the transformation x 1 → ξ 1 is given as J(ξ 1 ). Using the Gauss-Legendre quadrature rule, the nonlocal stiffness matrix [K] is obtained as:
where ξ i,j 1 is the j−th Gauss integration point in the i−th element, w j is the corresponding weight, and J i is the Jacobian of the transformation for the i−th element. N GP is the number of Gauss points used for the numerical integration over the element, and N e is the total number of elements into which the beam has been discretized. As previously highlighted, [B(x 1 )] (equivalently, [B(ξ i,j 1 )] in the discretized form) involves an additional integration given the presence of the fractional-order (see Eq. (41b)). In the following, we provide the details of this numerical integration.
Assume a uniform discretization of the beam such that the length of each element Ω e ∈ Ω is l e . The integration iñ B(x 1 ) has to be performed over the horizon of nonlocality of the point x 1 which is given as (x 1 − l A , x + l B ). The number of elements within this horizon to the left (N inf A ) and to the right (N inf B ) side of x 1 are given as N inf A = l A /l e and N inf B = l B /l e , respectively. The ceil ( · ) and floor ( · ) functions are used to round the number of elements to the greater integer on the left side and the lower integer on the right side. Using the above formalism, the matrix [B(x 1 )] is evaluated in the following manner:
where x i,j 1 is the global coordinate of the Gauss-point ξ i,j 1 within the i−th element, the ends of which are given as
. For the sake of brevity, we have denoted the integrands in the above equation in the following manner:
For the elements and the associated Gauss-points that are close to the boundaries (x 1 = 0 or x 1 = L), the number of elements in the horizon N inf ( ∈ {A, B}) are truncated appropriately, in order to account for the asymmetric length scales (see §II). Each integration in Eq. (47) across the elementsΩ e in the influence zone is performed using the Gauss-Legendre quadrature rule. We emphasize that the strain-displacement matrix for the RC fractional strain-displacement relations given in Eq. (9) is expressed as a convolution of the integer-order derivatives using [B(s 1 )] as shown in Eq. (41) . Therefore, the computation of [B(s 1 )] is straightforward and follows from Eq. (36) . The integration in Eq. (47) is now obtained as:
Singularity at x i,j 1 (48a)
Singularity at x i,j
As discussed earlier, a singularity occurs in the interval containing the Gauss-point x i,j 1 for both the left and right integrals due to the nature of the fractional-order derivative kernel. This is unlike the attenuation functions employed for existing models of nonlocal integral elasticity, where no such singularity exists across the domain [59, 61] . Several numerical strategies have been formulated in the literature to evaluate integrals with end-point singularities, like the composite quadrature, singularity-removing transformations [80] , graded meshes [65] , and adaptive methods [25] . However, in this work, the end-point singularity in the integral is circumvented by a simple analytical evaluation of that particular integration. The Gauss-Legendre quadrature method used to numerically evaluate the other integrals in Eq. (48) without singularities is schematically illustrated in Fig. (3) . This integration can also be carried out using other numerical integration procedures including the fast Gauss transform presented in [14] . However, the quadrature method allows a simpler implementation of the nonlocal FE code as discussed in [59] . Here below, we provide the expression of this quadrature based integration for the interaction between the p−th element lying in the horizon of nonlocality of the Gauss point x i,j 1 and x i,j 1 itself:
where x p,k 1 is the Cartesian coordinate of the k−th Gauss point in the p−th element which lies in the horizon of nonlocality of the i−th element, w k is the corresponding weight and J p is the associated Jacobian for this transformation for the p−th element. Note that given the nonlocal nature, the attenuation function has to be evaluated using the absolute Cartesian coordinates. In Eq. (49), we have implicitly assumed that the p−th element is on the right-hand horizon of x i,j 1 . However, the same analogy extends directly to evaluate the nonlocal contribution of any element that lies on the left-hand horizon of the point x i,j 1 . The above algorithm is used for the computation of [B(x i,j 1 )] at the Gauss-points necessary for the integration in Eq. (46) to obtain the stiffness matrix. The resulting stiffness matrix is then used in the algebraic equations of motion given in Eq. (45) to determine the generalized displacement coordinates of the fractional-order nonlocal beam.
Before going forward and using the above f-FEM to present numerical simulations, we discuss the assembly procedure of the nonlocal contributions from the elementsΩ e in the nonlocal horizon of a given point. As emphasized earlier, the matrixB(x 1 ) is obtained directly in the global form. It is clear from the convolution in Eq. (49) that the connectivity matrix [C(x i,j 1 , x p,k 1 )] would ensure the proper assembly of theB(x 1 ) matrix. However, instead of directly multiplying the large connectivity matrixC, its sparse nature is utilized to simplify the computation in the following manner:
B(:, 3n p − 2 : 3(n p + 1)) =B is a local matrix corresponding to the p−th element in the horizon of the point x i,j 1 and is given as:B
Note that the connectivity matrix [C(x i,j 1 , s 1 )] in Eqs. (49) is absent in the Eq. (51) renderingB (p) l local. Another remark regarding the assembly procedure pertains to the fact that the Eq. (50) is valid under the assumptions made in this study of two nodes per element and three degrees of freedom per node. For a general case where the number of nodes in a element is n k and the number of degrees of freedom per node is n d the assembly procedure in Eq. (50) can be modified as:B (:, n d n p − n d + 1 : n d (n p + n k − 1)) =B
where n p and n p + n k − 1 are the global node numbers of the terminals of the p−th element. The above strategy ensures that the nonlocal contributions from the elements in the horizon of nonlocality of a given Gauss point x i,j 1 are correctly attributed to their nodes in the global matrixB. Thus, the stiffness matrixK is obtained from Eq. (46) in the global form requiring no further assembly of the local and nonlocal stiffness contribution matrices.
IV. NUMERICAL RESULTS AND DISCUSSION
The f-FEM developed above is used to analyze the fractional-order nonlocal Euler-Bernoulli beam under various loading conditions. Further, the effect of the fractional order (α), and of the length scales (l A , l B ) on the static response of the beam is analyzed here. The aspect ratio of the beam used in this study is fixed at L/h = 100, in order to satisfy the slender assumption for the Euler-Bernoulli beam displacement theory. The width of the beam is always maintained equal to h. The elastic modulus for the isotropic solid is E = 30 GPa. Note that although the above presented f-FEM is capable of simulating the static response of the fractional-order nonlocal beam under both axial and transverse loads, here we only present the results for the transverse response. Further, in the following, we have assumed a symmetric horizon of nonlocality for points sufficiently inside the domain of the beam, i.e., l A = l B = l f . The horizon lengths on the appropriate side of a point are truncated as the point approaches the external boundary, as discussed in §II. Before presenting the results of the static response of the fractional-order nonlocal beam for the various loading conditions, we present the results of the studies carried out for validating the f-FEM and establishing its convergence.
A. Validation
We validate the f-FEM by comparing the results of the f-FEM against: (a) Validation #1: exact solution of a fractional-order beam clamped at both its ends and subject to a spatially varying transverse force; (b) Validation #2: exact solution of a fractional-order beam simply-supported at both its ends and subject to a spatially varying transverse force; and (c) Validation #3: changing the kernel of the fractional-order derivative to the exponential kernel used in nonlocal integral elasticity [34, 54] and comparing the obtained nonlocal response with the results available in literature. The specific details of three-fold validation strategy are provided in the following.
Validation #1: the following transverse displacement of the mid-plane of the beam is assumed:
Note that the above transverse displacement satisfies the boundary conditions for a beam clamped at both ends. By using the strong form of the governing differential equations in Eq. (14b) the transverse load required for the above displacement response is obtained as:
We highlight here that the assumed transverse displacement field is independent of α and l f , hence resulting in a forcing function which is dependent on the fractional parameters. The transverse force distribution is then used within the f-FEM and the numerical approximation for the transverse displacement obtained from the f-FEM is compared against the exact solution given in Eq. (53) for different combinations of the order (α) and the length scale (l f ). The number of elements used in the discretization of the beam for generating the numerical results is maintained at ten times the ratio of the total length (L) and the length scale (l f ), i.e., N e = 10(L/l f ). We have established in §IV B that the f-FEM converges for this assumption of N e . The numerical results in terms of the transverse displacement as well as the axial stress are presented in Fig. (4) . The transverse displacement presented in Fig. (4) is normalized in the following manner:
As evident from Fig. (4) , the match between the transverse displacement w and the axial normal stress σ 11 obtained numerically from the f-FEM and the exact solution is excellent. The error between the numerically obtained f-FEM and the exact solutions is less than 5% in all the cases.
Validation #2: repeating the strategy outlined in validation #1, the following expression is assumed to be the mid-plane transverse displacement of a simply-supported beam:
w 0 (x 1 ) = L 100
The above transverse displacement satisfies the essential and natural boundary conditions for a beam simply-supported at both ends. Again, by using the strong form of the governing differential equations given in Eq. (14b) the required transverse load is obtained as:
The above transverse force distribution is used within the f-FEM and the numerical approximation of the transverse displacement is obtained for different combinations of α and l f . The numerical results obtained are presented in Fig. (5) and compared against the exact result. The number of elements used in the numerical simulation is also maintained at N e = 10(L/l f ). Both the transverse displacement and the axial stress of the mid-plane are compared in Fig. (5) . The transverse displacement is normalized as:
As evident from Fig. (5) the match between the numerically obtained f-FEM results and the exact solution is excellent and the error is less than 3% in all the cases. integral elasticity are given as [31] :
A(x, s, l) C ijkl kl (s) ds (59) where A(x, s, l) is the attenuation function typical of nonlocal integral elasticity models, C ijkl is the constitutive matrix of the solid, and kl is the integer-order classical strain. For this model, the total deformation energy necessary to develop the algebraic equations of equilibrium for the weak form is given by:
Note that the strain field in the nonlocal integral model of elasticity is still local in nature, while in the fractional-order formulation, the strain field is nonlocal in nature due to the fractional-order derivatives (see Eq. (6)). Therefore, the nonlocal stiffness matrix in Eq. (46) is modified as:
We highlight that the above stiffness matrix [K v ] involves the multiplication of a nonlocal [B(x 1 )] and a local [B(x 1 )] strain-displacement matrix, while the stiffness matrix in the fractional-order nonlocal modeling involves only the nonlocal [B(x 1 )] matrices (see Eq. (43)). Further the attenuation function A(x 1 , s 1 , l f ) given in Eq. (41b) for the fractional-order model of nonlocal elasticity is modified to be the exponential order attenuation function given below [34, 54] :
where the variables retain their definitions. The horizon of nonlocality in the nonlocal elasticity problem modeled in [34, 54] is assumed to be the entire length of the beam. Thus, another modification involves expanding the horizon of nonlocality beyond the interval (x 1 − l A , x + l b ) to the entire length of the beam while computing [B(x 1 )] in Eq. (62) . With these modifications, the numerical results from the f-FEM are compared with the results provided in [34, 54] for a uniformly distributed transverse load (UDL) on a cantilever beam. For brevity, we only report the comparisons between the maximum displacements which are obtained at the tip of the cantilever beam. The results are summarized in Table I . For this study, we have normalized the transverse displacement similarly to [54] . As it appears from Table  I , the match is excellent and an error ≤ 1% is obtained in all the cases. The set of results presented above validate the f-FEM developed in this study. We establish the convergence of the f-FEM formulation by performing both h− and p− refinements. Any discretization in the mesh would result in larger number of elements being included in the horizon of nonlocality of the fractional-order model. The increased resolution would result in lower inconsistencies due to the truncation of the nonlocal horizon caused due to the ceil and floor operations described in §III B. Therefore, convergence is expected for the case where sufficient number of elements have been included in the zones of nonlocal interaction. This is established from the numerical results for the f-FEM of the beam in Fig. (6) . The convergence of the results obtained for increasing N inf (= l f /l e ) ≥ 5, referred to as the dynamic rate of convergence [54] , indicate the necessary level of discretization for the convergence of f-FEM solution. Additionally, a three-noded C 1 model has been used to study the improvements obtained following the use of higher-order polynomials as shape functions. The numerical results in Fig. (6b) indicate superior convergence for this choice of the element. This would be useful given the additional computational costs involved in modeling nonlocal interactions across the higher number of elements throughout the influence zone and particularly for iterative solutions typical of nonlinear elastic problems. The convergence for h− and p− refinements indicate the consistency of the above developed f-FEM for modeling fractional-order nonlocal elastic solids. 
C. Effect of fractional constitutive parameters
Having validated the f-FEM and established its consistency, we now use the f-FEM to analyze the static response of the fractional-order nonlocal Euler-Bernoulli beam. More specifically, we analyze the effect of the fractional model parameters α and l f on the response of the fractional-order beam under different loading conditions. We start by considering a beam that is clamped at both ends and is subject to a UDL of magnitude q 0 (in N/m). The transverse displacement and the axial stress at the mid-plane of the beam are obtained for different values of α and l f . The transverse displacement and the axial stress for the clamped beam are normalized in the following manner [44] :
The results of this study are shown in Fig. (7) . As evident from Fig. (7a) , an increase in the transverse displacement is noted for reducing values of α. This reduction in the stiffness upon considering the fractional-order nonlocal elasticity is in agreement with previous observations pertaining to nonlocal elasticity studies in literature. Similarly, an increase in the transverse displacement is observed from Fig. (7b) with the increasing horizon of nonlocality. The decrease in the stiffness of the structure due to the increasing degree of nonlocality (by reducing α and/or increasing l f ) is also established from the increase in the axial normal stressσ 11 across the thickness at mid-length of the beam (see Fig. 8 ). The higher values ofσ 11 indicate the higher bending caused by reduced stiffness due to the fractional-order nonlocal elastic behaviour, resulting in higher values for the transverse displacementw when compared against the response of a local beam (see Fig. (7) ). We also studied the response of a simply-supported (S-S) beam and a cantilever (C-F) beam for varying fractional model parameters α and l f . The normalized transverse displacements along the length of the beam for these boundary conditions are presented in Figs. (9,10 ). For these boundary conditions, the transverse displacement across the length has been normalized as follows:
where, q 0 is the magnitude of the UDL applied over S-S beam, and P is the magnitude of the concentrated load applied at the tip of the cantilever beam. The observations noted previously for the clamped beam are also noted for the beam with the above boundary conditions. Thus the nonlocal interactions reduce the stiffness of the structure irrespective of the boundary conditions.
The consistency of these results, obtained from the fractional-order modeling for the strain-displacement relations, indicates the consistency and complete nature of modeling nonlocal elastic interactions by the fractional-order derivatives. In contrast to classical approaches to nonlocal elasticity, no paradoxical results are obtained for different loading and boundary conditions from the fractional-order model of nonlocal elasticity. More specifically, this is in contrast to the prediction of hardening or an absence of nonlocal interactions altogether, for cantilever beams subjected to a point load at the free end, as noted from the differential model of Eringen's nonlocal elasticity [21] . Similar paradoxes have also been noted for the case of a simply-supported nonlocal beam subjected to a UDL upon using a two-phase integro-differential model of nonlocal elasticity [44] . Further, the general nature of the fractional-order model for nonlocal elasticity developed here becomes clear from a comparison of various nonlocal theories like the two-phase nonlocal integral constitutive model [61] , modifications in the kernel function corresponding to the convolution of nonlocal interactions [46] , and combined nonlocal and gradient elasticity theories [13] . In contrast to the above mentioned studies, the definition of the nonlocal modeling based on the RC fractional derivative employed here, is uniform for all the cases. Moreover, the necessity and flexibility of the f-FEM developed here, in a study of integral model of nonlocal elasticity, becomes clear from the complexities involved in the handling of integral boundary conditions [34] .
(a) w vs α.
(b) w vs l f . Figure 10 : Effect of the fractional-order constitutive properties over the nonlocal elastic response of the cantilever beam.
V. CONCLUSIONS
This paper presented a finite element model for the numerical solution of fractional-order boundary value problems. A fractional-order nonlocal Euler-Bernoulli beam based on a frame-invariant and dimensionally consistent fractionalorder nonlocal continuum theory was considered. The governing equation of the beam under Euler-Bernoulli type constitutive modeling was derived in strong form using variational principles. We showed that the fractional-order nonlocal modeling results in a self-adjoint and positive definite system with a unique solution. The numerical model for this continuum system was developed using the minimum potential energy principle. For the fractional-order system, energy minimization was carried out on a global scale owing to the nonlocal nature of the response, hence resulting in pre-assembled system matrices for the f-FEM. Additionally, we presented a scheme to circumvent the singularity associated with the convolution kernel of the fractional-order model for nonlocal elasticity. This also represented a critical step in order to develop Ritz finite element formulations. The proposed f-FEM model was validated with benchmark problems in fractional-order equations and nonlocal elasticity. Then, the nonlocal elastic response of a Euler-Bernoulli subjected to various loading and boundary conditions was considered. Paradoxical observations noted in literature, such as absence of nonlocal interactions and hardening for cantilever and simply-supported beams have been addressed with the use of the positive-definite fractional-order model for nonlocal elasticity. It is important to highlight that the f-FEM methodology developed is very general and, although in the context of this study it was tested for 1-D elasticity, it can be easily extended to plates and shells.
VI. APPENDIX
Consider the minimization integral δΠ in Eq. (28) . The variations δu 0 (x 1 ) and δw 0 (x 1 ) in Eq. (28) are independent of each other. Hence the integrals in Eq. (28) are evaluated independently. For the sake of brevity, we outline only the steps involved in the mathematical operations over axial variables, i.e., Eq. (29a). These steps extend directly for the transverse displacement in Eq. (29b). Using the definition of the Riesz-Caputo fractional derivative given in Eq. (5), the first integral corresponding to the variation of axial displacement in Eq. (29b) is obtained as:
From the definitions for the left and right Caputo derivatives [60] we obtain:
The above integrals are further evaluated using integration by parts in order to transfer the derivative from independent variable (displacement field) to the secondary variable (stress resultant). This leads to the following:
Using the definitions for left-and right-fractional integrals [60] in the above results we obtain:
Repeating the integration by parts and substituting the resulting expressions in Eq. (65) we obtain:
where RL x1−l B D α x1 (·) and RL x1 D α x1+l A (·) are the left-and right-handed Riemann Liouville derivatives, respectively. Note that in the fractional integral term l α−1 A x1 I 1−α x1+l A N † (x 1 ) , in Eq. (69) above, l A = 0 because x 1 ∈ {0, l}, i.e., x 1 lies on either boundary of the beam. Similarly, l B = 0 in l α−1 B x1−l B I 1−α x1 N † (x 1 ) . Under these limiting conditions the fractional integrals will converge to the function itself [57] . Further, using the definition of Riesz RL derivative given in Eq. (15) the above integral simplifies to Eq. (29b).
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